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(9.11.2) (The "fundamental theorem of algebra")- Any polynomial
f(z) = a0zn + a^"1 + • - • + an (a0 ^ 0, n > 1) with complex coefficients
has at least one root in C.
Otherwise, I//would be analytic in C (9.3.2), hence an entire function
(9.9.6). Let r be a real number such that rk^(n + I)\ak/a0\ for 1 < k ^n;
then, for \z\^r
a0z
+ 1).
n + I
In other words, I// is bounded for \z\^r. On the other hand, I// being
continuous in the compact set |z| < r, is also bounded in that set (3.17.10),
hence I// is bounded in C. Liouville's theorem then implies l//is a constant,
hence also /, contrary to assumption since \f(z)\ ^ \aQ\ • \z\nj(n + 1) for
\z\ ^ r.
PROBLEMS
 1.	If p Ss 2, show that a function which is analytic in the complement of a compact subset
of Cp is an entire function; hence if in addition it is bounded in the complement of a
compact subset of Cp, it is a constant (use (9.11.1) and Problems 4 and 5 of Section 9.10).
Is the result true for p = 1 ?
 2.	Let /be a complex valued entire function in Cp. Show that the conclusion of (9.11.1)
is still valid if it is supposed that
j
for any z in the exterior of a polydisk of Cp (use Problem 6 of Section 9.9).
00
3.   Let f(z) = 2 an zn be a nonconstant entire function. For any r > 0, let ju(r) = sup \\an \\r\
n = 0	n
M(r)= sup II/COH, so that /Xr)< M(r); by Liouville's theorem,   lim  fi(r)=-fo).
(zjasr	r~»oo
Suppose there are two constants #>0, a>0 such that p(r) ^ a • exp(r*); show
that there are positive constants 6, c such that M(r) ^ br*p(r) + c. (Observe that
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(9.12.1) Let (fn) be a sequence of analytic mappings of an open set A<^CP
into a complex Banach space E. Suppose that for each z e A, the sequence
(fn(z)) tends to a limit g(z), and that the convergence is uniform in every compact

